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Abstract. It is pointed out that there exists an unambiguous definition of
locality that enables one to distinguish local and nonlocal quantities. Observables
of both types coexist in quantum optics but one must be very careful when
attempting to measure them. A nonlocal observable which formally depends
on the spatial position r cannot be locally measured without disturbing the
measurements of this observable at all other positions.
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1. Introduction
In a recent publication Bliokh, Dressel, and Nori [1] addressed the problem of local
conservation laws in quantum optics. They claim to have constructed “local spin
and orbital angular momentum densities and fluxes that satisfy the proper continuity
equations” and they devote a lot of attention to this problem (the word local appears
32 times in the paper). Since optical experiments play a dominant role in the present
day studies of the foundations of quantum mechanics, it is of great importance to
understand at the fundamental level all the issues related to locality vs. nonlocality.
These problems acquire also an additional significance in the context of Bell’s theorem
where the notion of locality appears in a profound way.
One cannot overestimate the significance of locality in modern physics. In
particular, as was shown for the first time by Pauli [2], the assumption of locality
implies one of the most fundamental laws of physics: the connection between spin and
statistics. Particles with half-integer spin are fermions and those with integer spin
are bosons. Local properties of quantum fields are a trademark of relativistic field
theory [3]. They led in the past to two vast areas of research in high energy physics:
the dispersion relations for scattering amplitudes and the current algebras. Quantum
optics is part of quantum electrodynamics and it inherits from QED its fundamental
features; one of them is the notion of locality.
In this paper I make a systematic use of the fact that there is no arbitrariness
in identifying local and nonlocal quantities because there is a very well established,
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unambiguous criterion of locality. Every relativistic field theory must obey this
criterion. Bjorken and Drell in their classic textbook [4] give the following succinct
definition of locality: “According to the condition of microscopic causality, local
densities O(x) of observable operator quantities
O ≡
∫
d3rO(x, t) (1)
do not interfere and therefore are required to commute for space-like separations; that
is
[O(x),O(y)] ≡ 0 for (x− y)2 < 0 ′′ (2)
In other words the measurement of the observable O at the point r has no influence
on the measurement performed at the point r′; the two observables are compatible.
Unfortunately, as is shown in detail in the next Section, the quantities called
“local spin and orbital angular momentum densities” in [1] fail completely the test of
locality. I want to emphasize that the mere splitting of the total angular momentum
into its orbital and spin parts introduced in [1] does not present any problems. This
has been done long time ago for the electromagnetic field by Darwin [5] and rephrased
recently in the framework of the quantum mechanics of photons [6]. It is only the
claim that such a splitting leads to local densities that is invalid.
2. Locality and relativistic invariance
One may formulate the criterion of locality even in classical electrodynamics in terms of
Poisson brackets, but the use of commutators seems to be more appropriate since they
are directly related to measurements of quantum observables. Angular momentum in
field theory is constructed from the components of the energy-stress tensor. Thus, it is
natural to start the analysis from the description of the local properties of this tensor.
The fundamental features of all relativistic field theories are the commutator relations
satisfied by the components of the energy-stress tensor which guarantee relativistic
invariance of the theory [7, 8, 9]. For the electromagnetic field these relations have
the following form [10, 11, 12]:[
T 00(r, t)T 00(r′, t)
]
= −i~
(
T 0k(r, t) + T 0k(r′, t)
)
∂kδ
(3)(r − r′), (3a)[
T 00(r, t)T 0k(r′, t)
]
= −i~
(
T ki(r, t) + T 00(r′, t)δki
)
∂iδ
(3)(r − r′), (3b)[
T 0k(r, t)T 0l(r′, t)
]
= −i~
(
T 0l(r, t)∂k + T
0k(r′, t)∂l
)
δ(3)(r − r′). (3c)
The presence of the three-dimensional delta functions on the right hand side in these
equations is a clear indication of locality. Energy density T 00(r, t) and momentum
density T 0k(r, t) are clearly local variables. In contrast, this property is not shared
by the components of the canonical energy-stress tensor. For example, the canonical
momentum density Ek∇A
⊥
k employed to construct the orbital angular momentum in
[1] is a nonlocal object. The nonlocality is due to the presence of the transverse vector
potential. The commutation relations involving this vector contain the nonlocal term,
[
A⊥i (r), Dj(r
′)
]
= −i~δijδ
(3)(r − r′)−
i~
4π
∂i∂j
1
|r − r′|
. (4)
I use D rather than E because B and D are the true canonical variables; their
commutation relations do not contain any material constants and they have the
following universal form:
[Bi(r), Dj(r
′)] = i~ǫijk∂kδ
(3)(r − r′). (5)
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In Maxwell theory the distinction between D and E is less important but it becomes
crucial in a nonlinear theory of electromagnetism [13].
The presence of the nonlocal term in (4) is easily explained; the transverse part
of the potential is a nonlocal function of the local field B,
A⊥(r) = ∇×
∫
d3r′
4π
B(r′)
|r − r′|
. (6)
Therefore, local commutation relations (5) between B and D result in nonlocal
commutation relations between A⊥ and D.
3. Important nonlocal quantities
Of course, it is not forbidden to use nonlocal quantities in quantum optics; they should
be just recognized as such. Some of them might be useful and some of them are even
of fundamental significance. The total number of photons N and the total helicity Λ
are the most important examples,
N =
1
4π2~c
∫
d3r
∫
d3r′
1
|r − r′|2
[
1
ǫ
D(r)·D(r′) +
1
µ
B(r)·B(r′)
]
. (7)
Λ =
1
4π2~c
∫
d3r
∫
d3r′
1
|r − r′|
[
1
ǫ
D(r)·∇ ×D(r′) +
1
µ
B(r)·∇ ×B(r′)
]
. (8)
The total number of photons, introduced in [15], plays an important role in the
statistical theory of the electromagnetic field formulated in terms of the Wigner
function [16]. As was to be expected, the total number of photons is an absolute
scalar. It is invariant not only under all Poincare´ transformations but also under
conformal transformations [17]. The total helicity is also an invariant and it is the
generator of duality transformation [18].
The total number of photons may be viewed as a space integral of the density of
photons n(r, t),
n(r, t) =
1
4π2~c
∫
d3r′
1
|r − r′|2
[
1
ǫ
D(r)·D(r′) +
1
µ
B(r)·B(r′)
]
. (9)
This nonlocal density of photons satisfies a continuity equation ∂tn +∇ · j = 0 with
the nonlocal photon current j(r, t),
j(r, t) =
c
4π2~
∫
d3r′
1
|r − r′|2
[D(r)×B(r′)−B(r)×D(r′)] . (10)
These formula show clearly that n(r, t) and j(r, t) are nonlocal quantities. Since
they depend on the electromagnetic fields in the whole space, their measurements
in spatially separated regions are not independent. Analogous nonlocal structures,
namely the spin and angular momentum densities, were introduced in [1]. These
objects, like n(r, t), are indeed the functions of position r but that fact does not make
them local.
4. The splitting of the angular momentum into two parts
The total angular momentum of the electromagnetic field is an integral of the local
density of angular momentum. This density is the spatial part of the relativistic tensor
Mµνλ,
Mµνλ = xµT νλ − xνT µλ. (11)
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Owing to the symmetry of the energy-stress tensor,Mµνλ satisfies the local continuity
equation (cf., for example, [6] p. 92),
∂λM
µνλ = 0. (12)
In particular, the spatial part of Mµνλ satisfies the continuity equation of the form:
∂tM
ij + ∂k(x
iT jk − xjT ik) = 0, (13)
where T ij is the Maxwell stress tensor. This continuity equation is local but when one
splits the total angular momentum into its orbital part and the intrinsic part, locality
cannot be preserved. This is clearly seen from the formulas for the total angular
momentum J .
Jk =
1
2
ǫkij
∫
d3rM ij(r). (14)
Even though J is an integral of a local density of angular momentum, after the
splitting, J = JO + JS , the locality is lost. Indeed, following [5], one obtains:
JO =
∫
d3rDi(r)(r ×∇)A
⊥
i (r), (15a)
JS =
∫
d3rD(r)×A⊥(r). (15b)
The integrands (called orbital and spin densities in [1]) when expressed in terms of
potentials look local, but they contain a hidden nonlocality. Namely, when taken at
two different points, they do not commute. I will not give the explicit formulas for
the commutators here because they are fairly complicated but it suffices to observe
that according to (4) they always contain the nonlocal terms ∂i∂j(1/|r − r
′|). The
nonlocality becomes even more explicit when the formulas (15a) are rewritten in terms
of local fields,
JO =
∫
d3r
∫
d3r′Di(r) (r ×∇)
(∇′ ×B(r′))i
4π|r − r′|
, (16a)
JS =
∫
d3r
∫
d3r′
D(r)× (∇′ ×B(r′))
4π|r − r′|
. (16b)
Therefore, the separate measurement of any of these two densities in the vicinity of r
influences the measurements everywhere. This fact invalidates the claims made in [1]
that “this separation produces a meaningful local description of the spin and orbital
AM densities”.
5. Origins of nonlocality
All nonlocal quantities in the theory of electromagnetism have a common cause. They
originate from the use the Fourier transformation. This is already seen in the definition
of the transverse part A⊥ of the vector potential. In terms of the Fourier transform,
the transverse part of A˜(k) is obtained by an algebraic operation:
A˜⊥(k) = −
k × k × A˜(k)
k2
. (17)
While multiplication in this formula by k simply produces derivatives in coordinate
space, the division by k2 results in a nonlocal expression (6). The nonlocality in the
formula (7) for the photon number has the same origin. The energy density is a local
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quantity but to obtain the photon number one has to divide by ~ck and this can be
done only in the Fourier space. The same explanation holds for the orbital angular
momentum. Its separation from the total angular momentum requires taking the part
that is orthogonal to k; the part parallel to k is the intrinsic (helicity) part as shown
in [6]. These operations are again algebraic in the Fourier space but are nonlocal in
the coordinate space.
6. Conclusions
The meaning of locality in a relativistic field theory has a precise meaning. This is
especially true in the quantum theory of the Maxwell field in the vacuum because this
theory does not have a nonrelativistic limit and all requirements of relativity strictly
apply. A failure to distinguish between local and nonlocal observables may lead to a
misinterpretation of observations in quantum optics.
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